The abrupt loss of mechanical stability of two-dimensional graphene-type crystals at a certain transition temperature is described. At this temperature, the graphene state with practically zero-speed bending sound and developed bending fluctuations becomes energetically favorable. Such phenomenon, akin to melting, is naturally caused by the anharmonicity of crystal oscillations. In order to circumvent the known difficulties associated with taking into account the anharmonic effects, we propose an original pseudo-harmonic approximation, within which we determine the free energy of the anharmonic crystal and find a numerical characteristic for the intensity of bending vibrations at transition temperature. This characteristic is similar to the empiric Lindemann criterion for the melting phenomenon. At the same time, in contrast to the conventional Lindemann criterion, the found characteristic is explicitly expressed through the graphene bending moduli of the second, third, and fourth orders.
I. INTRODUCTION
The creation of a consistent theory of melting is a serious problem of statistical physics [1] . The old phenomenological Lindemann criterion (see, for example, [2, 3] ), based on an intuitive connection between the average amplitude of thermal vibrations of a three-dimensional (3D) crystal and its melting point, allowed one to give semi-quantitative interpretation of experimental data for media of various types -from metals to dielectrics [2, 3] .
However, when attempting to build a direct analog of the Lindemann parameter for graphene as a two-dimensional (2D) crystal of "zero" thickness, the specific difficulties arise, which are absent in 3D solids. For example, the logarithmic divergence of the mean-square thermal fluctuations of atomic displacements for a formally infinite 2D lattice (the PeierlsLandau theorem [4] ) makes senseless the direct using the Lindemann criterion in its original form [2] when describing the 2D melting phenomenon. To avoid this, it was proposed [5] to compare with the lattice constant not the absolute root-mean-square fluctuations of atomic displacements (as in the original Lindemann criterion [2] ), but the fluctuations of displacements relative to a certain "central" atom. With this approach, the fluctuations really become finite in the limit of an infinite 2D crystal [5] , but the result depends on the number of atomic coordination spheres considered in the model, which makes the calculation of the Lindemann 2D criterion ambiguous [6] . Note that the original concept of Ref. 5 is matched to the fundamental principles of the theory of elasticity [7] , since both approaches operate with relative displacements of the crystal atoms.
It is significant that the known melting condition of conventional 3D crystals [4] , according to which the melting point is determined by the equality of chemical potentials (free energies) of coexisting phases, for graphene as a quasi-2D crystal in 3D space loses meaning [8] . Therefore, as an analog of the graphene "liquid" phase, it was proposed [6, 8] to consider regions of quasi-one-dimensional filaments that originate inside the solid graphene when approaching the melting temperature. Besides, in Refs. 6 and 8, using numerical simulation methods, it was shown that at temperatures preceding the melting of graphene, an increase in the number of the so-called Stone-Wales 5775 defects with a formation energy of ≈ 4.6 eV [9, 10] is observed. 1 Note that in [5] there was no mention of the possible role of the bending mode in the heat transformations of graphene lattice. Until recently, this mode, by analogy with the bending vibrations of thin plates [7] , was attributed to the quadratic dispersion law with respect to the wave number k (see, for example, [12] ). However, in our work [13] (see also Ref. 14 devoted to the MD simulations of the bending mode), it was shown that the real dispersion law of the bending mode of graphene in the small k region should contain a "sound" -linear in k -segment with anomalously low sound velocity s B < 1 km/s (15-20 times less than the in-plane sound velocities of the graphene layer). An important feature of the graphene bending mode is that its "sound" segment has purely fluctuation origin, therefore the velocity of the bending "sound" is a growing function of temperature [13, 15] . On the other hand, the mere fact of the existence of a "sound" dispersion of the bending mode at small k makes the divergence of the out-of-plane mean-square fluctuation displacements in graphene not more "dangerous" than logarithmic [13] , which leads to the elimination of the "catastrophic" -power-type on the 2D sample sizedivergences resulting from the membrane model [12] .
The development of the ideas of paper [13] made it possible to demonstrate [15] the important contribution of the bending acoustic mode to the graphene thermal expansion. The existence of the extended "low-temperature" region of thermal contraction in graphene [16] [17] [18] [19] is mainly due to the "soft" bending mode. At the same time, the effect of the graphene thermal contraction, itself, was consistently described [15] only by going beyond the quasi-harmonic approximation.
In this paper, we show that like in [13, 15] the anomalously "soft" bending mode play a major role in the phase transition that can be interpreted as an analog of graphene melting. We will see that due to the specificity of this mode at a certain temperature graphene jumps to the state with anomalously large amplitude of out-of-plane fluctuation displacements (Section II), which can be considered as a sign of melting, whatever the nature of the emerging "melt". 2 Hereinafter, for definiteness, the corresponding phase transition is conventionally called "melting". The key point in the very possibility of such a transition, as it turns out, is negativity of the anharmonic third-order elastic moduli of graphene. The modeling of graphene as 2D elastic continuum with certain elastic coefficients allows us not only to introduce the concept of bending "sound" in a consistent way, but also to find a convergent value for the 2D analog of Lindemann criterion (Section III). The numerical results given in Section IV demonstrate the realistic values of characteristic parameters (the melting temperature, the out-of-plane and inplane mean-square fluctuations of the graphene strain tensor) expressed through the assumingly known elastic moduli of the second-, third-, and fourth-order. In Section V, conclusions are formulated and ways for further research into the problem of quasi-2D melting are outlined. Some intermediate calculations and considerations are included into Appendices A and B.
II. ANHARMONIC EFFECTS AND BASIC PRINCIPLES OF THE THEORY OF GRAPHENE MELTING
As in our previous studies [13, 15] , we simulate graphene as a quasi-2D elastic medium described by quasi-2D local (dependent on time t) strain tensor ) , ( t r αβ ε [7] :
, is the 2D displacement vector of the elastic medium along the unstrained graphene plane, ) , ( t w r is the corresponding out-of-plane displacement, Greek indices run over two values, x and y, and summation is assumed over repeated indices. Immediately, we note that the products of the derivatives in (1) are not discarded anywhere further.
Having in mind to describe the melting of graphene as a substantially nonlinear effect we represent the mechanical Hamiltonian of graphene taking into account the anharmonic terms of the third [13, 15] and fourth orders with respect to αβ ε (in what follows we omit the arguments of the field functions): 
Here ρ is the 2D mass density of graphene, 0 > µ and µ λ − > (in fact, 0 > λ , see [7, 21] ) are the 2D Lamé coefficients; C 111 < 0 and C 112 < 0 [22] [23] [24] are the third order elastic coefficients (we put C 222 = C 111 , as in isotropic model) whereas a 4 , b 4 , c 4 , and d 4 are the fourth order elastic coefficients. Besides, κ is the so-called bending rigidity and ∇ is the 2D gradient; u & and w & denote the so-called material time-derivatives [25] of the local displacements of material points of graphene as a quasi-2D continuum medium (for more details, see Ref. 15) .
From (2) with taking account of (1), it follows that the quantized fields u and w are formally interacting. However, as shown by detailed analysis in [13, 15] , their interaction in graphene is effectively eliminated at each temperature virtually by heat averaging the crosscomponents like w w u u
in (2) using the density operator for the harmonic Hamiltonian u H of the "fast" in-plane modes:
where 2 / ) (
is the linear part of the strain tensor (1) . In this way we get, first of all, the effective harmonic [superscript (h)] Hamiltonian for the bending mode of graphene [13] :
Here, the temperature-dependent bending modulus of graphene [13, 15] 
is of the acoustic type with the sound velocity B s at small wave numbers [13, 15] . Namely this "soft" bending mode may be considered as a factor due to which graphene can most easily lose its stability at high temperatures.
The explicit expression for the thermal average in (5) found within the framework of the Debye model [4] is [13, 15] :
where the atomic mass m appears (in the case of graphene it is the mass of 
In the formal limit ∞ → T (we will need it below) from (7) we obtain (see [13] ):
Expression (4) for the Hamiltonian of the bending mode is written in the harmonic approximation. Meanwhile, already from (2) and representation (1) one can establish the following structure of the fourth, sixth, and eighth power terms in the density of the Hamiltonian:
Immediately, we note that the form (10) arises due to the specificity of a quasi-2D crystal, which allows for the presence in the strain tensor (1) only terms, quadratic in the space derivatives of the out-of-plane displacements of graphene.
As noted above, both experiments [23] and simulations [22, 24, 26] demonstrate that the third-order elastic modulus C 111 in graphene is negative. This means that just the last term in (10) with a positive coefficient determined by fourth-order elastic moduli in Hamiltonian (2) ensures the stability of graphene with respect to large bending fluctuations.
The question of the structure of the 3rd, 4th, and 5th order anharmonic contributions to the elastic in-plane Hamiltonian of graphene was considered in [24] , where the results of [22] for C 111 < 0 and C 112 < 0 were confirmed by numerical simulation, and also numerical estimates were given for the elastic moduli of the fourth and fifth orders. In this case, according to [24] , the fourth-order moduli for graphene turned out to be positive, and the fifth-order ones -negative. Therefore, adding the density of the Hamiltonian (4) to the anharmonic terms of the form (10), we obtain the resulting expression for the "bending" Hamiltonian of graphene in the form:
This expression contains a "consolidated" fourth-order elastic modulus 0 4 4 4 4 1111
the value of which, in principle, can be reconstructed from the results of numerical simulations for graphene [24, 26] . As for the factor ) (11), then, as a generalization of (10), we allowed the possibility of temperature dependence of the second-order elastic modulus, with
[below an explicit expression for ) ( 11 T C will be given]. As for the "anharmonic" elastic moduli C 111 < 0 and 1111 C > 0, then, if we not go beyond the goals of this work, they can be considered constants.
A direct calculation of the contribution ) (T F w based on the Hamiltonian (11) to the total free energy of graphene so far is not real. We have to some extent overcome this difficulty replacing approximately w H by some pseudo-harmonic [superscript (p-h)] "bending"
which will define the pseudo-harmonic "bending" free energy ) ( (12) , depends on temperature as a parameter and is defined in the following way. We write the direct and inverse 2D Fourier transformations of the graphene bending displacement (we omit the temporal argument):
where S is the graphene sheet area. We require that the action of the operator ) ; ( T ∇ ω on the function ) (r w leads in the Fourier representation to the expression:
In this case, the desired energy ) (
of the bending vibration excitation with the wave number k should be chosen so that at a given temperature T the free energy ) (
of the model system with Hamiltonian (12) is the least deviated from the "true" free energy ) (T F w of the subsystem of bending excitations with Hamiltonian (11) .
It is convenient to search for an explicit expression for ) (
, based on a theorem first established by Peierls [28] (see also [29, 30] ). In terms of the quantities introduced above, the theorem [28] reads as follows:
We will consider the right-hand side of inequality (15) as a functional of variable ) (
and find its minimum by this variable using expressions (11)- (14) .
Representing the "pseudo-harmonic" free energy ) (
in explicit form [2] , one can write the right-hand side of (15) as a functional of k E :
( )
Further, when calculating the averages in (16), we take into account that
and then instead of (16) we get:
Since the averaging in (18) is carried out with the pseudo-harmonic Hamiltonian (12), the following formula takes place (for details see Appendix A):
Thus, the averages appearing in (18) can be expressed in terms of the only quantity:
where (see [15] )
Now, taking into account (19)- (21), we reduce (18) to the form:
Varying (22) over k E [with taking account of the variation of q by Eqs. (20) and (21)] and equating the result to zero, we arrive at the equation:
which provides a minimum (more exactly, an extremum) of the functional } { k E J
. As a result, instead of expression (6), we obtain from (23) the dispersion equation for the bending mode in the framework of the "pseudo-harmonic" problem:
where the parameter q defined by (20) contains integrated information about the spectrum
, and, of course, the coefficient at k 2 in (24) is assumed to be positive. More sophisticated consideration shows that the extremals of } { k E J obtained in this way will give precisely the minima if the quantities found from (20) and (24) 
which is definitely satisfied in our task.
Here, however, it is necessary to dwell on the question of the temperature range of applicability of the "pseudo-harmonic" approximation (24) . We show that at "low" temperatures (we will later specify this definition), taking into account the first term in (10) will only affect the coefficient at 4 k in the dispersion equation (6), but will not affect the velocity of bending sound B s . It is easy to verify that when taking into account the mentioned anharmonic term, the equation of motion for the bending mode will take the form: 
Suppose now that in a graphene sample there is a single bending wave with the wave vector k, frequency ω, and amplitude k w :
Substituting (26) into (25) and omitting terms with triple harmonics, we obtain instead of (6) the dispersion law of the bending mode with taking account of the nonlinear contribution (selfaction):
Thus, the inclusion of anharmonic terms in the "bending" Hamiltonian of graphene does not lead to the modification of the long-wave -"sound" -part of the bending mode spectrum at low temperatures. However, the role of the last term in (27) will increase with increasing temperature due to the natural growth of the mean square amplitude of the graphene bending mode. On the other hand, at finite temperatures, harmonics with different (including large) wave numbers are excited in graphene. As a result, the anharmonic terms of the form [cf. (27) ] (28) appear in the dispersion equation of the bending mode; at that, the short-wave harmonics give the main contribution to the sum in (28) . The terms of the form (28) after thermodynamic averaging of the sum will lead to the modification of the "sound" part of the graphene bending vibrations, which, in fact, is reflected in equation (24) . Such a modification, however, can effectively manifest itself only at sufficiently high temperatures. 5 The scale of the temperature, above which expressions (12) and (24) take effect, is naturally associated with the out-of-plane Debye temperature (see [15] ):
Interestingly, at a temperature 2 / 0 w T θ ≈ ≈ 1000 K, the thermal expansion coefficient of graphene changes from negative to positive values [15, 17, 18] . Then it can be expected that in the limit of "low" temperatures (T << T 0 ), the dispersion law (6) with the "bare" bending modulus ) (T B should take place, whereas at high temperatures, the full expression (24) "works". Therefore, one can propose the following simple interpolation formula for a "pseudo-harmonic" bending modulus:
In formula (30) , the redefined mean square of the gradient of the graphene out-of-plane displacement is presented 5 The reasoning given here resembles the arguments of work [31] , in which the attenuation of the high-intensity sound in a lined acoustic duct was studied using the harmonic linearization method [32, 33] . It is useful to note that, as shown in [13] , the contribution of ~ k 4 to the dispersion law of the bending mode due to the term 4 ) )( 2 ( w ∇ + µ λ also takes place at finite temperatures. This, in fact, means that the terms of the form of (28), which have anharmonic origin, can manifest themselves only in the high-temperature limit. This question, however, requires more study. in addition, it was taken into account that C 111 < 0 [22] [23] [24] , and a dimensionless "controlling" parameter [dependent on temperature through )
Moreover, from (12) - (14) we find the desired "pseudo-harmonic" Hamiltonian:
Accordingly, instead of (6), we obtain the dispersion law of the "pseudo-harmonic" bending mode of graphene: 
III. THRESHOLD SINGULARITY OF THE BENDING MODE AS A SIGN OF GRAPHENE MELTING
has a range of negative values. The latter circumstance is especially important since in this case it is possible to achieve small (in principle, arbitrarily small) values of the "pseudo-harmonic" bending modulus, which is a necessary prerequisite for the implementation of solutions with "large" (~ 1) values of Q. The abrupt transition from 1 << Q to 1 Q upon reaching a certain temperature T m will be interpreted as a sign of the graphene melting.
It is appropriate mention here that the use of the function ]
, which depends on the redefined dimensionless variable Q, makes it possible to describe the melting phenomenon in the most general form, not limited to the specific numerical values of the elastic moduli of different orders. We will see that the appearance of a "special" (with 1 Q ) solution of a self-consistent equation is of a fundamentally threshold nature. In this case, at the very threshold point the solution with 1 Q will correspond to a lower free energy of the graphene bending mode fluctuations than the "regular" (with 1 << Q ) solution. In the framework of the proposed approach, the analysis of the phenomenon of graphene melting can be given, based on the expression for w w 2 ) (∇ , derived in our works [13, 15] .
Replacing the "bare" bending modulus ) (T B by the "pseudo-harmonic" one ) ; ( T Q B in accordance with (30) , (33) and taking into account (31) and (34), we arrive at a self-consistent equation for finding possible values of Q:
where
is the maximum wave-number in the Debye model [13, 15] . Further, since the melting of graphene occurs at a temperature of ≈ 4500 K, the right-hand side of (35) can be taken in the high temperature limit (as in Ref. 13) , and then we obtain the desired selfconsistent equation in the form:
First of all, it is obvious that Eq. (36) 
The temperature T m at which the "special" solution ) S ( m Q abruptly appears could be naturally identified with the melting temperature of graphene.
IV. SELF-CONSISTENT CALCULATION OF THE GRAPHENE MELTING CRITERION AND NUMERICAL ESTIMATES
The solution of system (37), (38) is radically simplified due to the following circumstance. As will be shown, the required value , as well. From here we get two equalities:
Thus, one of the conditions for the appearance of the "special" solution of equation (36) is the practical vanishing of the "pseudo-harmonic" bending modulus at the threshold point. This result, in some sense, returns us to the old idea [34] that when approaching the melting point of a crystal, its shear modulus should tend to zero. However, it was later shown [3] that the assumption [34] is inconsistent with the state of affairs in the melting of real crystals. However, using the example of graphene, we have seen that the "pseudo-harmonic" bending modulus as some effective combination of the elastic moduli (including anharmonic ones!) really undergo an extreme softening at the melting point of the material. C T C C − ≈ 11%. However, given below in this section (see also Appendix C) our estimate of such a change is about half as much, which gives ) ( m 11 T C ≈ 314 N/m. Equation (42) is especially important because, as far as the authors know, only the paper [24] reported the calculation of the elastic constants of the fourth (and also the fifth!) order for graphene using the density functional theory (DFT) method. In paper [15] , to match our results on the velocity of the bending "sound" with the simulation data [14] , we obtained the estimate On the other hand, information about fourth-order elastic moduli for graphene can be obtained by analyzing the results of [26] obtained by MD simulations and DFT calculations. As for third-order elastic moduli (we assume 111 C = 222 C ), it was actually established in [26] that their possible values in graphene lie in the range from −1100 N/m to −1400 N/m (cf. the above estimate from [15] ). However, the question of fourth order moduli was not discussed in [26] .
Meanwhile, based on the Hamiltonian of graphene (2) and considering the uniaxial strain ε , we can write the following non-linear expression for uniaxial stress (cf. [24] ): 
where we put T = 0, referring to data analysis [26] , and also retained the notation 1111 C for the "consolidated" elastic modulus of the fourth order (see above).
In Fig. 1 , as an example, we represent the stress-strain data obtained in Ref. 26 by MD simulations (squares) and by DFT method (diamonds) for armchair configuration of graphene edges. Our fittings of these data using Eq. (43) C = 900 N/m, which we consider as preferable within the framework of our theory; this curve also falls within the error range (dashed lines) of the experiment [23] . Besides, in Fig. 1 we also show the DFT data [24] for zigzag configuration (circles); our fitting of these data by Eq. [23] (cf. [22] ). 6 To approximate the DFT stress-strain data for graphene, in [24] it was used a polynomial containing, besides the terms (43), an additional term of the form C 11111 ε 4 /24. As a result, in [24] it was found: C 111 ≈ −2800 N/m, C 1111 ≈ 13000 N/m, C 11111 ≈ −31000 N/m. Our approximation of the data [24] by a polynomial (43) leads to the value of C 1111 , almost half as much as in [24] . As for the problem to which the present work is devoted, the adding in the Hamiltonian (2) of terms with obviously negative elastic constants of the fifth order leads to the thermodynamic instability of the state of graphene with respect to the large strains. This issue will be discussed below.
Thus, the processing of the simulation stress-strain dependences for graphene (Fig. 1) shows that the data of Ref. 26 are closer to what is predicted by our theory than the data of [24] . Therefore, it can be expected that the estimates of the elastic parameters of graphene at the level of ) 0 (
11

C
≈ 330 N/m, 111 C ≈ −1000 N/m, 1111 C ≈ 900 N/m, can already be used as a basis for describing the phenomenon of graphene melting according to the scheme proposed in the present work. Note that with these values of elastic moduli, using formula (32), we obtain ) 0 ( η ≈ 0.788. In addition, taking these estimates, using the above values of the remaining parameters, and setting T 0 = 1000 K, we find from expressions (5), (7), (30) , which justifies the inequality used above.
As already mentioned, from the self-consistent equation (36) at any temperature, one can find a "regular" solution ) R ( Q << 1, and then return to the out-of-plane quantity by formula (31):
The temperature dependence of this quantity at the above values of parameters is shown in Fig. 2 by curve 1(R) (blue). On the other hand, at T ≥ T m , Eq. (36) . Considering now Eq. (44) at T = T m , substituting in it the found value ) R ( m Q and the above numerical estimates for anharmonic elastic moduli, we arrive at the following definition of the out-of-plane "Lindemann parameter" for graphene:
The dimensionless quantity w L may be considered as a quantitative characteristic of the melting phenomenon of graphene, similar to the well-known phenomenological melting criterion of Lindemann [2, 3] . A close physical connection of w L with the usual definition of the Lindemann parameter [2] is evident from the fact that
has the meaning of averaged relative "amplitude" of bending thermal vibrations of graphene atoms at the threshold of the appearance of the "special" solution of the self-consistent equation (36) . Therefore, the estimate given in (46) even by the numerical value (close to typical values ≈ 0.25 for 3D solids [2] ) can be considered as a direct analog of the Lindemann criterion with respect to the graphene melting. In addition to (46), it is easy to give an estimate of the averaged relative "amplitude" of thermal vibrations of atoms in the graphene plane at the melting threshold, by entering of the inplane analog of the "Lindemann parameter":
We note the proximity of the estimates for u L and w L and emphasize once again that for the consistent analysis of the melting phenomenon of graphene, it is urgent to take into account third-and fourth-order anharmonic invariants for the strain tensor in the elastic Hamiltonian [see (2) ].
Let us now dwell on one essential point. As is known [4] , the important characteristics of a phase transition are the conditions that the thermodynamic functions of the coexisting phases must satisfy. For example, at the melting point of an ordinary 3D solid, its free energy (specific) must coincide with the free energy of the resulting liquid, but the entropy, expressed through the temperature derivative of the free energy, will experience a jump. Let us show that, according to the theory of 2D melting under consideration, already the graphene free energy itself (or rather, its bending part) should experience a jump at the transition point. We will be based on the following expression for the dimensionless free energy of bending vibrations of graphene per cell [see Eq. (19) 
where the notations are entered:
By making calculations using formula (48) with the above values of parameters, it can be verified that the free energy corresponding to the "special" root ( ) S ( w f = -4.812) already at the threshold of its appearance is less than the free energy corresponding to the "regular" root ( ) R ( w f = -4.518). This means that the transition of graphene to the "melting" state is energetically favorable, although a complete analogy with the thermodynamics of melting of 3D crystals is excluded (see Introduction and Section V).
We now turn to Eq. (32) and give an expression that determines the temperature dependence of the second-order elastic modulus (see Appendix B):
Here µ λ 2
, and the symbols λ and µ, as before, mean the 2D Lamé coefficients of graphene at T = 0; below, for the average in (50), we only need to use the classical expression (9) . In addition, in (50) 
Immediately, we note that by the "minus" sign in the right-hand side of (50), we specially emphasized the fact that ) ( 11 T C falls with temperature, as it follows, for example, from [17, 35] . Let us set 750 N/m. Further, from expressions (50) and (9) in the limit of high temperatures, we obtain:
where a certain characteristic temperature appears:
Substituting into (53) the well-known [15] [38] and even 6.0 eV [39] . It should be borne in mind that the estimation of ∞ T should rather be associated not with W S− E , but with the height of the barrier, which separates the ground state of graphene and the state in the presence of the Stone-Wales defect. Taking into account the estimate for this barrier height ≈ 9 -10 eV [37] , we come to the conclusion that it correlates well with the found above value ∞ T . Thus, we see that the proposed model, which considers the fluctuation vibrations of the crystal lattice as the resulting cause of its melting [2, 3] , does not contradict the "defect" model of melting [3, 6, 8] (for more details, see Section V).
Note that if we use expression ( 
This relation directly expresses the graphene melting temperature T m through its characteristic temperature ∞ T and the dimensionless combination of elastic moduli of second, third, and fourth orders at zero temperature (of course, it should be ) 0 ( η > 3/4). TABLE I. The "controlling" parameter at zero temperature, the characteristic temperature, the melting temperature, the out-of-plane and the in-plane "Lindemann parameters" in dependence of the value of the graphene fourth-order elastic constant. Table I ). This means that in order to obtain reliable information about T m , it is necessary to know as accurately as possible the value of ) 0 ( η [or the value of С 1111 for given values of С 11 (0) and С 111 ]. This conclusion is in qualitative agreement with the statement [1] that to accurately predict the melting point (of silicon [1] ), it is necessary to know the free energies of the solid and liquid phases with very high precision.
V. DISCUSSION AND CONCLUSIONS
The results obtained in this work allow us to associate the melting phenomenon of a quasi-2D graphene crystal with the temperature transformation of an anomalously soft bending mode, whose "sound" dispersion at small wave numbers is entirely determined by fluctuation effects in the ensemble of in-plane oscillations [13] . Although the melting mechanism itself is determined to a decisive degree by the anharmonic properties of the material, however, precisely due to the natural softening of second-order elastic moduli, graphene at a certain (rather high) temperature can enter a new phase, which in principle does not exist at lower temperatures. This transition is of threshold-type: it is characterized by a sharp increase in the root-mean-square deviations of the graphene surface from the flat. At the same time, the new phase ("melt") already at the point of its origin turns out to be energetically more favorable than the initialcrystalline -phase.
It is necessary to immediately emphasize the difference between the proposed approach and mechanical single-phase melting models [3] (for example, in the old paper [34] , the melting temperature was determined by the condition that the shear modulus of a crystal vanishes). In the proposed approach, the melting point of graphene is associated with the sudden appearance of a new solution of the self-consistent equation for the root-mean-square fluctuations of the bending strain tensor, and not with some limit condition on the regular -"crystalline" -solution. It is interesting, however, that some effective construction -the "pseudo-harmonic" bending modulus of graphene -still turns out to be very close to zero at the melting point. The melting characteristics of graphene themselves (the melting temperature and the value of the Lindemann constant) naturally depend on its elastic moduli not only of the second, but also of the third and fourth orders. In this case, the analog of the Lindemann constant for graphene calculated in this work turns out to be numerically close to the empirical value (≈ 0.25) typical for 3D crystals [2] . It is important to note that all the parameters of the theory, in principle, can be found independently (both from real experiments and using numerical simulation of the elastic characteristics of graphene). Given the fact that the theoretical criterion for the graphene melting includes both harmonic and anharmonic elastic moduli [see (46)], it can be argued, that just through the dimensionless combination of these moduli should be expressed the empirical numerical coefficient, which is present in the purely "harmonic" 3D formula of Lindemann [2] .
We pay special attention to the following circumstance. As is well known (see, for example, [3] ), along with the so-called "oscillatory" models of melting (on which, in fact, the Lindemann formula is based), there are also approaches in which the melting mechanism is associated with the increasing role of intrinsic crystal defects when approaching the melting point. In our approach, we nowhere explicitly used the concept of crystal defects. It is significant, however, that the very form of Hamiltonian (11) indicates the crucial role of multiphonon processes in the occurrence of conditions for the transition of graphene into a phase with abnormally large fluctuations of the bending component of the strain tensor. Since the formation of defects (in the case of graphene, this may be the already mentioned Stone-Wales defects [9, 10] ) is due to precisely multi-phonon processes, the theory proposed in this paper is naturally linked with ideas about the melting of a crystal as the result of its "softening" due to the thermal creation of defects [3, 6, 8] .
Note also that although the paper [24] is so far the only source of information on the numerical values of higher order elastic moduli of graphene (up to the fifth inclusive!), it is hardly possible to directly use these values for our purposes. The point is that in order to coordinate the results of the DFT calculations with the concepts of the theory of elasticity, in [24] it was necessary to introduce into the strain energy the terms of the fifth order with the elastic constants ≈ −32000 N/m. Meanwhile, the break of expression for the elastic energy on the term with negative elastic constants leads to physically unsatisfactory results, since it allows the formal divergence of the components of the strain tensor as a condition of "minimum" of the strain free energy. To eliminate such a divergence, in the expression for the elastic energy one should take into account the sixth-order terms with positive coefficients, which would lead to unnecessarily cumbersome mathematical operations.
The natural way to build a theory, necessarily satisfying the physical requirements of the finiteness of the results and quite mathematically acceptable, is the break of the expansion of the elastic energy density on the fourth-order term over the strain tensor. Thus, we return to Hamiltonian (2) and to all the results obtained above in Sections II-IV. In this case, however, it is necessary to select a suitable fourth-order polynomial for the graphene elastic energy density in order to describe quantitatively the DFT calculation of the stress-strain curves obtained in [24] . Thus, the analysis of the DFT data [24] by formula (43), based on such expansion of the elastic energy density, allows to restore the anharmonic elastic constants with satisfactory accuracy: 111 C = −2450 N/m, 1111 C = 7640 N/m (cf. Fig. 1 ). The latter value is almost twice as small as C 1111 ≈ C 2222 ≈ 13000 N/m, obtained in [24] when taking into account also terms of the fifth-order on strain tensor in the elastic energy density. Interestingly, substituting 111 C = −2450 N/m, 1111 C = 7640 N/m together with ) 0 (
11
C
= 350 N/m [24] into formula (32), we come to the value ) 0 ( η ≈ 1.2 > 3/4 (cf. the condition at the end of the previous section). This means that, in principle, the results of [24] can be agreed (at least on a qualitative level) with the main conclusions of our theory of graphene melting.
We list the principal results following from our study of 2D melting:
1. Melting should be regarded as a fundamentally non-linear phenomenon, since arbitrarily large displacements of atoms from the initial positions are permissible in the disordered phase. Therefore, it seems impossible to create a consistent theory of melting based on a purely harmonic approximation for a crystal (for example, from the requirement that one of its harmonic elastic moduli vanishes at the melting point [34] ). Using the example of graphene as quasi-2D crystal with the bending degree of freedom, we substantiated this statement by constructing a self-consistent theory taking into account third-and fourthorder anharmonic effects. In this case, the decisive fact was that the third order elastic constants for graphene are negative; 2. The melting point of graphene is determined by the condition of its jump-like transition into a "special" phase, characterized by abnormally large mean-square bending fluctuations of the strain tensor. On the other hand, a certain effective construction, the "pseudo-harmonic" bending modulus of graphene, reaches an unusually small value at the transition point, which signals the phenomenon of melting. Below the melting point, the theory does not predict any premelting effects, i.e. signs of the existence of a "special" phase ("melt"), even as metastable one; 3. The presence of anharmonic terms in the elastic Hamiltonian of graphene is equivalent to taking into account multi-phonon processes that can lead to the appearance of structural defects. Therefore, the approach proposed in the present paper can be considered as a theoretical alternative to the model based on the ideas about the main role of intrinsic defects in crystal melting; 4. The most important role of the "soft" bending mode in the mechanism of graphene melting is evidenced by the fact that while ignoring the bending degree of freedom, MD simulations [20] lead to a much overestimated (almost twice compared with the generally accepted value ≈ 4500 K [6, 8] ) melting temperature of graphene. On the contrary, taking into account the bending mode, we can construct a self-consistent theory of 2D melting and obtain a realistic estimate of the melting temperature, as well as find the value of a parameter similar to the well-known 3D Lindemann parameter.
Note that the proposed theory of melting (with specific refinements) can be applied to related 2D crystals: silicene, germanene, etc. Moreover, the conceptual statements of the theory formulated in the present work, in principle, could be extended to 3D crystals, as well. As an important suggestive consideration, we note a well-known experimental fact [40, 41] (see also [23] ), according to which third-order elastic moduli in solids, as a rule, turn out to be negative. In the light of the approach outlined above, this fact is of exceptional importance for the very possibility to realize the condition of a jump-like appearance of a special solution of some selfconsistent equation (in the case of graphene, this is the equation for the root-mean-square fluctuations of the "bending" strain tensor). However, it is necessary to make a substantial remark. In contrast to the quasi-2D case where the elastic Hamiltonian can contain only even powers of the derivatives of the out-of-plane displacements, the Hamiltonian of 3D solid can include invariants composed of any powers of spatial derivatives of the elastic displacements. Therefore, when constructing a theory of melting for 3D crystals, these circumstances should be taken into account.
Finally, we draw attention to the next question. The self-consistent theory proposed above made it possible to express the fluctuation characteristics of graphene at temperatures up to the melting point through the "harmonic" (temperature-dependent) modulus, as well as thirdorder and fourth-order elastic constants. Unfortunately, to date, information on fourth-order elastic moduli is practically absent in the literature devoted to graphene (the exception is work [24] , but with the remarks noted above); there is also no consensus regarding the values of the third order elastic constants. In this regard, further work on the study of the anharmonic elastic characteristics of graphene and similar 2D compounds is of utmost importance.
